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ABSTRACT
This paper is concerned with theories describing spinning particles that are
formulated in terms of actions possessing either local world-line supersymmetry or
local fermionic kappa invariance. These classical actions are obtained by adding a
finite number of spinor or vector coordinates to the usual space-time coordinates.
Generalizing to superspace leads to corresponding types of ‘spinning superparticle’
theories in which the wave-functions are superfields in some (generally reducible)
representation of the Lorentz group. A class of these spinning superparticle ac-
tions possesses the same spectrum as ten-dimensional supersymmetric Yang–Mills
theory, which it is shown can be formulated in terms of either vector or spinor
superfields satisfying supercovariant constraints. The models under consideration
include some that were known previously and some new ones.
1. Introduction.
The quantum mechanics of a free superparticle in ten-dimensional space-time
is of interest both because of its relationship to ten-dimensional Yang–Mills theory
and because it provides a description of the massless sector of the superstring.
There are many formulations of ten-dimensional superparticle dynamics, all de-
scribing a particle evolving along a world-line in some superspace and possessing
a fermionic kappa symmetry (this is the local world-line symmetry for which the
parameter is a fermionic space-time spinor[1-4]). The original superparticle theory
[5-7] was quantized in the light-cone gauge and shown to yield the same spec-
trum as that of ten-dimensional super Yang–Mills theory. However, this model
has defied covariant quantization as there is no satisfactory covariant gauge choice
for the kappa symmetry. It is generally the case that a manifestly covariant for-
mulation of a quantum theory provides a more elegant and geometric description
than one in which manifest covariance is absent. The difficulty in quantising the
superparticle in a covariant manner is related to the absence of a gauge field for
the kappa symmetry in these models which means that the only available gauge
conditions are ones involving the superspace coordinates xµ and θA. The gauge
choice θ˙ = 0 was proposed in [8,9] but this ran into difficulties [10,11]. These stem
from the fact that θ˙ = 0 does not constitute a good gauge slice, in the sense that
there are field configurations which cannot be transformed to any configuration
satisfying the gauge condition by a gauge transformation [12,13]. This situation is
similar to that for the Nambu-Goto string, for which it is also difficult to find a
covariant gauge choice. For the Nambu-Goto string the resolution is to introduce
a world-sheet metric, in which case covariant gauges can be defined by imposing
conditions on the metric instead of on the coordinates. Similarly, for the super-
particle, the resolution is to introduce a gauge field for the kappa symmetry, so
that covariant gauge choices can be defined by imposing conditions on the gauge
field [1]. There are several formulations which involve a gauge field ψA for the
kappa symmetry. The simplest of these, due to Siegel [1], introduces ψA and a
momentum conjugate to θA. However, this model has a spectrum which is not
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a N = 1, D = 10 super Yang–Mills multiplet, but is a twisted N = 2, D = 10
supergravity multiplet with negative norm states [13]. Thus, it is not equivalent
to the earlier model [5,7] and is not of direct physical interest since its spectrum
has negative norm states. Nevertheless, it serves as an interesting model example
since it can be covariantly gauge-fixed by choosing the gauge ψ = 0, e = constant
where e is the world-line einbein [13,14,15]. A full covariant treatment requires the
use of the Batalin–Vilkovisky (BV) procedure [16], which in this case requires an
infinite number of ghosts for ghosts; the complete quantum theory was derived in
this way in [13].
A modification of this model was proposed in [17,18] and analysed in [19,20].
A full Batalin-Vilkovisky quantization of this model was attempted in [21], but it
seemed that there was no solution to the Batalin-Vilkovisky master equation for
this model, so that there appeared to be an obstruction to the quantization of this
model. However, even if it turned out that this model was quantizable using the
Batalin-Vilkovisky approach (for example, if it turned out that the correct ghost
structure was different from that proposed in [21]), it seems that this model does
not give the required super Yang–Mills spectrum; indeed, it was shown in [22] that,
if one simply assumed that a BRST charge existed, enough could be deduced about
its structure to calculate the full BRST cohomology of the theory for cohomology
classes of low ghost number, and it was found in [22] that a very large class of low
ghost-number BRST cohomology classes were in fact trivial.
To get around these problems, it has been suggested that the model should
further be modified by adding extra coordinates to the (xµ, θA) superspace [22-
26]. There are now a number of such models which can be covariantly quantized
and which give the super Yang–Mills spectrum. These models fall into two classes,
those in which the classical superspace has an infinite number of coordinates [24-32]
and those in which it has a finite number [17,22,24]. This paper will be restricted
to formulations with a finite number of classical superspace coordinates. There are
also a number of other approaches [33,34,35], based on either reformulating the
superparticle in terms of twistor variables or using harmonic superspace (which
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also involves the introduction of an infinite number of extra variables); these will
not be discussed here.
We will consider the quantization of these models and analyse their spectra
using several different approaches. We will consider light-cone gauge quantization,
a covariant approach in which the constraints are imposed on the wave-functions,
and a BRST-type approach. As usual, the first two approaches give the same
results for the spectrum as the analysis of the BRST cohomology class with zero
ghost number. The full BRST approach requires the use of the Batalin–Vilkovisky
formalism and requires an infinite number of ghosts in general. However, for some
of these models, there are two types of symmetry, one of which acts on both coordi-
nates and gauge fields and the other of which acts only on the Lagrange multiplier
gauge fields, reflecting the fact that the constraints are not all independent. Pre-
sumably it is necessary to introduce ghosts corresponding to all of these symmetries
to obtain a complete treatment. However, if ghosts are only introduced for the first
type of symmetry, only a finite number are needed and it is possible to analyse
the full BRST cohomology in this reduced formalism. The methods of [22] can be
used to argue that the zero ghost-number BRST cohomology class in this reduced
formalism is exactly the same as the zero ghost-number cohomology class in the full
formalism with an infinite number of ghosts. Thus to find the zero ghost-number
physical states, it is sufficient (and much simpler) to use the reduced formalism.
In the cases that have been analysed in full [13], the extra cohomology classes at
higher ghost number consist of either a single zero-momentum state, or copies of
the zero ghost-number physical states.
Before considering models with space-time supersymmetry we will discuss the
way in which particles with spin may be described in terms of a world-line ac-
tion that incorporates either local world-line supersymmetry or a local world-line
kappa symmetry. In section 2 particle actions will be considered that give rise to
wave-functions that are in the vector or spinor (or higher-spin) representations of
the Lorentz group. The vector particle is obtained by introducing an extra anti-
commuting coordinate that transforms as a Lorentz vector in such a way that the
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resulting theory has N = 1 world-line supersymmetry [36-42]. The spinor particle
(which is a truncation of the model in [22]) is obtained by introducing an extra
anticommuting coordinate that transforms as a Lorentz spinor in such a way that
the new theory has a local kappa symmetry. Section 2 is a warm-up for our main
objective of constructing covariant actions for superparticles describing the particle
content of ten-dimensional super Yang–Mills theory. We will first need to show (in
sections 3 and 4) how the D = 10 super Yang–Mills multiplet may be described
covariantly by either a vector or spinor superfield subject to constraints.
In section 5 we will obtain the superspace generalisation of the two types of
spinning particle models considered in section 2. (Other related forms of spinning
superparticle have been discussed in [33,43].) These models have wave-functions
that are superfields in some non-trivial representation of the Lorentz group. In
order to incorporate constraints such as those required to define Yang–Mills super-
fields in section 4 it is necessary to add certain Lagrange multiplier terms to the
superparticle actions. As will be seen in sections 6 and 7 this can be done in a
number of ways (some of which are equivalent to models already in the literature
and some of which are new). This enhances the local symmetry of the action and
upon BRST quantization the zero ghost-number sector of the resulting quantum
superparticles is precisely the spectrum of super Yang–Mills theory.
2. Particles, world-line supersymmetry and kappa symmetry.
Before discussing particles moving in superspace, it will be useful to consider
spinning particles moving in ordinary D-dimensional space-time. A bosonic parti-
cle following a world-line xµ(τ) in flat space can be described by
S =
∫
dτ
(
pµx˙
µ −
1
2
ep2
)
(2.1)
where pµ(τ) is the momentum conjugate to x
µ(τ), x˙ = dx/dτ and e is a Lagrange
multiplier imposing the constraint p2 = 0. It is invariant under the world-line
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reparameterisation invariance
δxµ = kpµ, δe = k˙, δpµ = 0. (2.2)
Classically, the world-line reparameterisation invariance can be fixed by choosing
the gauge e = constant giving a free theory subject to the constraint p2 = 0. One
way of quantizing this theory is to impose the standard commutation relations
[xµ, pν ] = ih¯δ
µ
ν (2.3)
and to impose the constraint on the wave-function, i.e. to demand that the wave-
function Ψ(xµ) satisfies the constraint
p2Ψ = 0 (2.4)
with pµ = −ih¯∂µ. Thus the wave-function is a scalar field Ψ(x
µ) satisfying the
Klein-Gordon equation and the bosonic particle is seen to describe a free scalar
particle.
These results can also be obtained from a BRST approach. The ghost action
for the gauge choice e = constant is
∫
dτ cˆc˙ (2.5)
and the ghost and anti-ghost c(τ), cˆ(τ) satisfy the anti-commutation relation
{c, cˆ} = h¯ (2.6)
The BRST charge is
Q =
1
2
cp2 (2.7)
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and the wave-function can be taken to be a function of xµ and the ghost c:
Φ(x, c) = Ψ(x) + cΨ1(x) (2.8)
The BRST constraint
QΦ = 0 (2.9)
implies that the ghost-number zero wave-function Ψ(x) satisfies (2.4). Physical
states are BRST cohomology classes, corresponding to wave-functions satisfying
(2.9) with wave-functions differing by BRST exact pieces identified:
Φ ∼ Φ +QΛ (2.10)
Then (2.9) imposes p2Ψ = 0 while (2.10) can be used to gauge away all Ψ1 except
those satisfying p2Ψ1 = 0. Thus the physical states for both ghost number zero
and ghost number one are represented by wave-functions Ψ,Ψ1 satisfying the Klein-
Gordon equation p2Ψ = 0, p2Ψ1 = 0.
Thus the first approach gives the same results as the cohomology of the zero
ghost number sector in the BRST approach, but the latter gives a second copy of
the same spectrum at ghost number one. This is typical of all of the systems we
will encounter in this paper; in each case, the first approach gives the same results
as the BRST analysis of zero ghost number physical states; as the first approach
is simpler, we will mostly use that in the following models and defer a discussion
of the BRST approach to the final section.
We shall be interested in modifications of the particle action that give wave-
functions transforming in some non-trivial representation of the Lorentz group,
such as the spinor or vector representation. All of the methods we shall discuss for
giving spin to the wave-function involve adding extra coordinates and momenta to
the (xµ, pν) phase space.
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Consider first the addition to the bosonic target space of an anticommuting vec-
tor coordinate λµ, so that the particle world-line is xµ(τ), λµ(τ). Suppose that the
gauge-fixed particle lives in a phase-space (xµ, pν , λ
µ) with commutation relations
given by (2.3) and
{λµ, λν} = h¯ηµν (2.11)
so that λ is a self-conjugate variable. A maximally anticommuting set of the
grassmann variables consists of
⋆
[D/2] independent linear combinations of the λµ,
which we shall denote by λα, α = 1, . . . , [D/2]. The (ghost-number zero) wave-
function can be taken to be Φ(xµ, λα), and the expansion
Φ(xµ, λα) =ψ0 + ψ
α
1 λα + ψ
αβ
2 λαλβ
+ ψαβγ3 λαλβλγ + ...+ ψ
α1...α[D/2]
[D/2]
λα1...λα[D/2]
(2.12)
gives a set of 2[D/2] component fields ψ0(x), ψ
α
1 (x), ..., ψ
α1...α[D/2]
[D/2] (x) which can be
combined into an object ψA(τ), (A = 1, ..., 2
[D/2]) with 2[D/2] components. Then
pµ and the remaining D−[D/2] components of λµ can be represented as differential
operators acting on the space with coordinates (xµ, λα). As a result, λµ becomes
a linear operator acting on ψA which can be represented as a matrix Γ
B
µA . Then
(2.11) implies that the matrices Γ BµA can be normalised so as to satisfy the Clifford
algebra
{Γµ,Γν} = 2ηµν (2.13)
so that the Γ BµA are gamma matrices for the Lorentz group SO(D − 1, 1). The
operators
Lµν = i(xµpν − xνpµ) +
1
4
[λµ, λν ] (2.14)
generate the SO(D − 1, 1) Lorentz algebra and ψA transforms as a spinor under
this. Thus introducing λµ has led to a spinor wave-function as required.
⋆ [D/2] denotes the integer part of D/2.
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The Dirac equation for this wave-function is pµΓ BµA ψB = 0 or p
µλµΦ = 0, and
this would arise if the classical particle were subject to the constraint pµλµ = 0.
Squaring this constraint gives p2 = 0 and so this is needed to close the algebra of
(first-class) constraints. This motivates the classical action
S =
∫
dτ
(
pµ x˙
µ+
i
2
λµλ˙µ −
1
2
ep2 + iχpµλ
µ
)
(2.15)
where e, χ are lagrange multipliers imposing the constraints
pµλµ = 0, p
2 = 0. (2.16)
This is in fact the action for a superparticle with local world-line supersymmetry
and χ is the world-line gravitino [36,40]. The gauge choice e = constant, χ = 0
leads to the free theory with commutation relations (2.3) and (2.11), subject to
constraints corresponding to (2.16). A BRST analysis leads to a wave-function Ψ =
Φ(xµ, λα) + γ where γ denotes ghost-dependent terms and the BRST constraint
QΨ = 0 imposes the constraints
pµλµΦ = 0, p
2Φ = 0 (2.17)
so that the ghost-number zero physical states correspond precisely to a Dirac par-
ticle. For further details of this construction, see [36,40].
An alternative way to obtain a spinor wave-function is to introduce an extra
spinor coordinate φA, together with its conjugate momentum φˆA, so that the phase
space is (x, p, φ, φˆ). We choose the commutation relations given by (2.3) and
{φA, φˆB} = h¯δ
A
B (2.18)
if φ, φˆ are grassmann-odd, or
[φA, φˆB] = ih¯δ
A
B (2.19)
if they are commuting. Here φˆA transforms as the conjugate spinor representation,
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so φˆAφ
A is a Lorentz singlet. Then the wave-function can be taken to be
Ψ(xµ, φA) = ψ0(x) + ψ1A(x)φ
A + ψ2AB(x)φ
AφB + ... (2.20)
and we see that ψ1A(x) is a spinor wave-function. The constraint (N − 1)Ψ = 0
where the number operator is N = φAφˆA implies Ψ = ψ1A(x)φ
A, so that only the
spinor wave-function survives. Further imposing
p2Ψ = 0, pµ (Γµ)
B
A φˆBΨ = 0 (2.21)
implies that ψA1 satisfies the Dirac equation
pµ (Γµ)
B
A ψ1B = 0 (2.22)
These constraints arise from the classical action
S = S1 + S2 (2.23)
where
S1 =
∫
dτ
(
pµx˙
µ + iφˆAφ˙
A −
1
2
ep2 + iχpµΓ
µφˆ
)
(2.24)
S2 =
∫
dτλ(N − 1) (2.25)
and e, χA, λ are lagrange multipliers imposing constraints. In particular, χA is a
gauge field for a kappa-type symmetry
δφ = /pκ, δχ = κ˙− iλκ, δxµ = iφˆΓµκ (2.26)
The action (2.24) becomes Siegel’s original superparticle [1] after a field redef-
inition if φ is anticommuting (identifying φA ∼ θA) so we see that a spinning
(Dirac) particle is obtained by adding the lagrange multipler term (2.25) to the
Siegel superparticle (2.24). The action (2.24) has an N = 2 twisted space-time
supersymmetry [13] which is completely broken by the term (2.25).
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An alternative action (generalisations of which will be relevant later) is given
by replacing (2.25) with
S2 =
1
2
∫
dτλABφˆAφˆB (2.27)
leading to the constraint φˆAφˆBΨ = 0, implying Ψ = ψ0 + ψ1Aφ
A. This leads
to a spectrum that is reducible, described by a scalar wave-function ψ0 satisfying
the Klein-Gordon equation and a spinor wave-function ψ1A satisfying the Dirac
equation.
A variation of this is to consider
S2 =
1
2
∫
dτλABdAdB (2.28)
instead of (2.27), where
dA = φˆA + pµ(Γ
µ)ABφ
B (2.29)
If φ is anticommuting then (identifying φA ∼ θA and making a field redefinition)
this becomes the modified superparticle given in [17,18]. This leads to the wave-
function (2.20) satisfying the constraint
dAdBΨ = 0 (2.30)
and this implies that Ψ must be constant, representing a zero-momentum state
[22]. This constraint breaks the twisted N = 2 supersymmetry down to N = 1.
(An alternative treatment is given in [19,20].)
To summarise, we have seen that a spinor wave-function can be obtained ei-
ther from a spinning particle (2.15) with local world-line supersymmetry, or from a
particle action (2.23)-(2.25) with local kappa symmetry (2.26). In the latter case,
the extra coordinate φ can be either anticommuting (in which case the action is
closely related to Siegel’s action [1]) or commuting. We now turn to the construc-
tion of particles with wavefunctions that are other non-trivial representations of
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the Lorentz group. One approach is to generalise the model (2.23)-(2.25) with
N = 1 local world-line supersymmetry to one with N extended local world-line
supersymmetry. In one version of this model [42,44], there are N anticommuting
vectors λµi , (i = 1, . . . , N) and the corresponding wave-function is a multi-spinor
ΨA1A2...AN [42,44].
Another approach is to modify the model (2.23)-(2.25) by replacing the spinor
variables φ, φˆ by a coordinate φR in some representation R of the Lorentz group
with a conjugate momentum φˆR¯ in a conjugate representation R¯ (so that R ⊗ R¯
contains a Lorentz singlet). In this way, expanding the wave-function Φ(x, φ) in φ
gives Φ = ψ0+ψ1 · φ+ . . . where ψ1(x) is a wave-function in the R¯ representation.
Imposing the constraint (N − 1)Φ = 0 where N is the number operator φ · φ¯
then gives Φ = ψ1 · φ as required. One then imposes p
2Φ = 0, possibly together
with other p-dependent constraints, generalising the constraint /pφˆΦ = 0 of the
model (2.23)-(2.25). For example, consider the case in which R is the vector
representation, so that the phase space has coordinates xµ, pµ, φµ, φˆ
µ. We shall
suppose that φ, φˆ are commuting; all of the following analysis also holds if they
are anticommuting, with only some changes in some of the signs. An appropriate
action is S = S1 + S2 with
S1 =
∫
dτ
(
pµx˙
µ + φˆµφ˙µ −
1
2
ep2 − χpµφˆ
µ
)
, S2 =
∫
dτλ(N − 1) (2.31)
where e, χ, λ are lagrange multipliers imposing the classical constraints p2 = 0,
pµφˆ
µ = 0 and N = 1. Here χ is a gauge field for a symmetry corresponding to the
kappa-type symmetry (2.26):
δφµ = pµκ, δχ = κ˙+ λκ, δx
µ = φˆµκ (2.32)
Note that this is closely related to the world-line diffeomorphism symmetry (2.2).
Quantization leads to a wave-function Φ(x, φ) satisfying the constraints
p2Φ = 0, pµφˆ
µΦ = 0, (N − 1)Φ = 0 (2.33)
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and identified under the gauge transformation
Φ ∼ Φ + pµΛ
µ (2.34)
This leads to a vector wave-function ψµ1 satisfying
p2ψµ1 = 0, pµψ
µ
1 = 0 (2.35)
and identified under the gauge transformations
ψµ1 ∼ ψ
µ
1 + p
µλ (2.36)
which clearly corresponds to a vector gauge potential in the Lorentz gauge with
D − 2 independent degrees of freedom. It is straightforward to modify this to
obtain a covariant vector particle in a general gauge. The appropriate action is
(2.23) with
S1 =
∫
dτ
(
pµx˙
µ +
i
2
φˆµφ˙µ − χ
ν(ηµνp
2 − pµpν)φˆ
µ
)
S2 =
∫
dτλ(N − 1),
(2.37)
leading to a wave-function ψµ1 satisfying
pµFµν = 0, Fµν = pµψ1ν − pνψ1µ (2.38)
and identified under (2.36).
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3. Light-cone super Yang–Mills theory.
In the next section we will obtain the constraints satisfied by the superfield of
ten-dimensional super Yang–Mills theory which will establish the constraints to be
satisfied by the superparticle wavefunctions in the following sections. Our method
will make use of the light-cone gauge description of the physical states [45] which
we will review in this section.
In the light-cone gauge SO(9, 1) representations are decomposed into represen-
tations of a manifest SO(8) little group. An SO(9, 1) vector Aµ (µ = 0, 1, . . . , 9)
decomposes into an SO(8) vector Ai (i = 1, . . . , 8) and two SO(8) singlets A−, A+
(A± = A0 ± A9). A 16-component Weyl spinor of SO(9, 1), ψ
A, (A = 1, . . . , 16)
decomposes into two 8-component SO(8) spinors Ψa, Ψa˙ (a = 1, . . . , 8 and
a˙ = 1, . . . , 8 label the inequivalent spinor representations of SO(8)). The SO(8)
gamma matrices γiab˙ satisfy
⋆
γiab˙γ
j
b˙b + γ
j
ab˙γ
i
b˙b = 2δ
ijδab
γia˙bγ
j
bb˙ + γ
j
a˙bγ
i
bb˙ = 2δ
ijδa˙b˙
(3.1)
and we define
γij...k = γ[iγj . . . γk]. (3.2)
The Yang–Mills multiplet consists of a gauge potential Aµ and a Majorana-
Weyl spinor λA taking values in the Lie algebra of the gauge group. In the light-
cone gauge only the physical degrees of freedom remain and these consist of the 8
transverse degrees of freedom Ai of the Yang–Mills field and the 8 spinor degrees of
freedom λa˙ (the Dirac equation D/λ = 0 eliminates 8 of the 16 components of λA in
the light-cone gauge). Expanding an unconstrained superfield Φ(xµ, θA) gives 2
16
component fields, which is clearly too large to describe the 8 + 8 components we
require, so the Yang–Mills multiplet must be described by a constrained superfield.
⋆ The SO(8) indices may be raised and lowered trivially using the metric δij and the charge
conjugation matrices Cab = δab and Ca˙b˙ = δa˙b˙.
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In the next section we shall find SO(9, 1)-covariant constraints that lead to the
correct spectrum, but for now we shall content ourselves with the SO(8) covariance
of the light-cone gauge. As a first step the superspace will be restricted to (xµ, θa˙),
i.e., the SO(8)-covariant constraint ∂Φ/∂θa = 0 will be imposed on any superfield,
Φ. There are still 28 component fields in Φ so further constraints must be imposed.
One possible approach to imposing further constraints is to abandon manifest
SO(8) invariance and decompose the coordinates into representations of a U(4)
subgroup [46,47]. Thus θa˙ is decomposed into θα, θ¯α which transform as a 4 and
4¯, respectively. Then imposing the extra constraints ∂Φ/∂θ¯α = 0 gives a super-
field Φ(xµ, θα) which is unconstrained in the reduced superspace with coordinates
(xµ, θα). Following Siegel [48], we shall refer to this as the euphoric formalism.
The superfield Φ(xµ, θα) has eight (1 + 6 + 1) bosonic and eight (4 + 4¯) fermionic
components and so gives the correct spectrum for super Yang–Mills in terms of
U(4)-covariant states.
Finding SO(8)-covariant constraints is more tricky but was solved in [45] by
choosing Φ to be either an SO(8) vector superfield Ψi(xµ, θa˙), or a spinor superfield
Ψa(x
µ, θa˙). The vector superfield is taken to satisfy the linear constraint
(γiγj − 8δij)a˙b˙D
b˙Ψj = 0, (3.3)
where the SO(8) supercovariant derivative is
Da˙ =
∂
∂θa˙
+ p+θa˙ , (3.4)
and p+ is the component of the 10-momentum pµ = (p+, p−, pi), which is set to
a constant in the light-cone gauge. Acting on (3.3) with another Da˙, gives the
quadratic constraint
1
8p+
Da˙(γij)a˙b˙D
b˙Ψk = δjkΨi − δikΨj , (3.5)
which was shown in [45] to be fully equivalent to the linear constraint (3.3). It was
also shown in [45] that the constraint (3.3) (or (3.5)) leaves precisely the 8 bosonic
and 8 fermionic degrees of freedom of light-cone gauge super Yang–Mills theory.
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The spinor superfield satisfies the linear constraint [45]
(γijk)ab˙D
b˙Ψa = 0. (3.6)
Again, this is equivalent to a quadratic constraint
D[a˙Db˙]Ψc = 2p
+γcd
a˙b˙
Ψd , (3.7)
where γcd
a˙b˙
= 128(γ
ij)a˙b˙(γij)
cd. The spinor and vector superfields are related by
(γi)a˙bΨb =
1
8Da˙Ψ
i.
4. Covariant constraints for super Yang–Mills theory
We will now present SO(9, 1)-covariant superfield formulations of super Yang–
Mills which reduce to the SO(8)-covariant ones of the last section in the light-
cone gauge. We use a superspace with coordinates (xµ, θA),
⋆
and supercovariant
derivatives
DA =
∂
∂θA
+ /pABθB. (4.1)
We will now show that the SO(8) vector superfield Ψi(x
µ, θa˙) satisfying (3.3)
may be obtained from an SO(9, 1) vector superfield Ψν(x
µ, θA) together with the
linear constraints
p2Ψµ = 0, (/pABD
B)Ψµ = 0, p
µΨµ = 0, (4.2)
and
DAΨµ = 17(Γ
µν)ABD
BΨν , (4.3)
where Γµν...ρ = Γ[µΓν . . .Γρ]. The first constraint in (4.2) implies the momentum
is null and the remaining constraints will be analysed in a Lorentz frame in which
the momentum is pµ = (p+, 0,~0 ), i.e., p− = 0, pi = 0.
⋆ Upper and lower SO(9, 1) Weyl spinor indices A = 1, 2, . . . , 16 are used to distinguish
chirality, so that ΦA and θA (A = 1, 2, . . . , 16) have opposite chirality. We use a Majorana
representation in which the gamma matrices, ΓµAB and Γ
AB
µ , are real and symmetric and
satisfy ΓµACΓν
CB + ΓνACΓµ
CB = 2δ BA ηµν .
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It will be convenient to define mµ = pµ/p+ and introduce a null vector nµ
such that m2 = 0, n2 = 0 and m · n = 1, and then choose a representation of the
gamma matrices such that the projectors /m/n and /n/m are diagonal. The Lorentz
transformations preserving the null vectors mµ, nµ form an SO(8) transverse group
and any chiral SO(9, 1) spinor, χA or ψA, may be decomposed into two inequivalent
SO(8) spinors (distinguished by dotted and undotted indices, a˙ and a) as
ψA =
(
ψa
ψa˙
)
χA =
(
χa
χa˙
)
. (4.4)
In this basis, the matrices m · Γ and n · Γ take the form
(/m)AB =
(
0 0
−δa˙b 0
)
, (/n)AB =
(
0 −δab˙
0 0
)
,
(/m)AB =
(
0 0
δa˙b 0
)
, (/n)AB =
(
0 δab˙
0 0
)
.
(4.5)
Spinors χA, ψA can be decomposed as follows
(/m)ABχ
B → −χa , (/n)ABχ
B → χa˙ ,
(/m)ABψB → ψa˙ , (/n)
ABψB → −ψa .
(4.6)
It follows that /pABD
B → −p+∂/∂θa and the second constraint in (4.2) becomes
∂
∂θa
Ψµ = 0, (4.7)
while pµΨµ = p
+Ψ+ = 0 implies that Ψ+ = 0 if p
+ 6= 0. We are then left with
superfields Ψ−(x
µ, θa˙) and Ψi(x
µ, θa˙) satisfying (4.3), which implies
Da˙Ψ− = 0. (4.8)
Using Da˙ = ∂/∂θ
a˙ + p+θa˙, we find that (4.8) implies D
a˙Db˙Ψ− = 2p
+δa˙b˙Ψ− = 0
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and hence Ψ− = 0, if p
+ 6= 0. This leaves a superfield Ψi(x
µ, θa˙) satisfying
Da˙Ψi = 17(γ
ij)a˙b˙Db˙Ψj , (4.9)
which is precisely the super Yang–Mills constraint (3.3). Thus the covariant con-
straints (4.2) and (4.3) give a covariant superfield formulation of super Yang–Mills.
Similarly, the quadratic constraint (3.5) is recovered from the following covari-
ant constraints
p2Ψµ = 0, (/pABD
B)Ψµ = 0, p
µΨµ = 0, (4.10)
and
DADBΨµ + 8(Γµ)
C[A(Γν/p)C
B]Ψν = 0. (4.11)
To see that this is the correct quadratic covariant formulation of super Yang–Mills,
we follow a null frame analysis similar to the above and set pµ = (p+, 0,~0 ). The
last equation in (4.10) implies that Ψ+ = 0 while /pABD
BΨµ = 0 implies that
Ψµ = Ψµ(x, θ
a˙). We are then left with superfields Ψ−(x
µ, θa˙) and Ψi = Ψi(x
µ, θa˙)
satisfying (4.11). This constraint implies Ψ− = 0 (provided that p
+ 6= 0) leaving a
superfield Ψi satisfying
Da˙Db˙Ψi = 8p+(γi)c[a˙(γj)c
b˙]Ψj (4.12)
which is equivalent to (3.5).
The spinor constraints can be obtained similarly. The spinor superfield
Ψa(x
µ, θa˙) must come from an SO(9, 1) spinor superfield ΨA(x
µ, θA). We impose
the linear constraints
p2ΨA = 0, (/pACD
C)ΨB = 0, /p
ABΨB = 0, (4.13)
and
(Γµνρσ)A
BDAΨB = 0, (4.14)
where Γµνρσ = Γ[µΓνΓρΓσ]. The first constraint in (4.13) implies the momentum is
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null so that the remaining ones can be solved in the Lorentz frame in which pµ =
(p+, 0,~0). The second constraint in (4.13) again implies that ΨB = ΨB(x
µ, θa˙).
The last constraint in (4.13) becomes p+Ψa˙ = 0 and hence Ψa˙ = 0 (provided that
p+ 6= 0), leaving a superfield Ψa satisfying
(γijk)ab˙Db˙Ψa = 0, (4.15)
which is precisely the light-cone Yang–Mills constraint (3.6).
Finally, the quadratic spinor constraint (3.7) can be obtained from
p2ΨA = 0, (/pACD
C)ΨB = 0, /p
ABΨB = 0, (4.16)
and
DADBΨC + 8(Γ
µ)D[A(Γµ/p)
B]
CΨD = 0. (4.17)
The second constraint in (4.16) implies that ΨB = ΨB(x
µ, θa˙), if p+ 6= 0. The last
constraint in (4.16) becomes p+Ψa˙ = 0 and hence Ψa˙ = 0 while the former expresses
that the momentum is null. We are then left with a superfield Ψa satisfying
Da˙Db˙Ψc − 8p
+(γij)a˙b˙(γij)cdΨ
d = 0. (4.18)
which is (3.7).
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5. Covariant superparticle actions.
The remaining sections of this paper are aimed at generalizing the particle
actions of section 2 to incorporate space-time supersymmetry in such a manner
as to reproduce covariant super Yang–Mills wave–functions. This section will be
concerned with the superspace generalization of section 2 ignoring the issue of the
Yang–Mills constraints, which will be dealt with in the next two sections.
5.1. The original superparticle.
To begin with it will be useful to review the superparticle of [5,7] even though
there appears to be no way of quantizing it in a manifestly covariant manner. It
is defined by the action
S0 =
∫
dτ
[
pµ(x˙
µ − iθ¯Γµθ˙)− 12ep
2
]
, (5.1)
where θ˙ = dθ/dτ . This describes a particle with world-line parametrized by τ
moving through a 10-dimensional N = 1 superspace with coordinates (xµ, θA).
The momentum of the particle is pµ and e is a world-line einbein. The action
SBSC is invariant under a 10-dimensional super-Poincare´ symmetry
δθ = ǫ , δxµ = iǫΓµθ , (5.2)
(where ǫA is a constant Grassmann parameter) and it is invariant also under world
line-reparametrizations together with the local kappa symmetry
δθ = /pκ , δe = 4iκθ˙ + ξ˙ ,
δxµ = iθΓµ/pκ+ ξpµ , δpµ = 0.
(5.3)
The Grassmann spinor κA parametrizes the local fermionic symmetry, while ξ
parametrizes a linear combination of world-line diffeomorphisms and a ‘trivial’
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local symmetry.
⋆
These symmetries can be fixed by going to the light-cone gauge, in which the
reparametrization invariance is used to set e to be a constant and the fermionic
symmetry is used to impose the condition γ+θ = 0, eliminating half of the compo-
nents of θA. Finally, the condition x
+ = p+τ + x+0 is imposed for some constants
p+, x+0 , and the constraint p
2 = 0 is solved to give p− = pipi/p+.
The light-cone action is
Slc =
∫
dτ
(
pix˙i − 12p
ipi + 12 iθ
a˙θ˙a˙
)
, (5.4)
(where factors of p+ have been absorbed into redefinitions of the fields) which is
a free action. In an operator approach it is quantized by imposing the (anti-)
commutation relations
[xi, pj] = −iδij , {θa˙, θb˙} = 2δa˙b˙. (5.5)
It is convenient to use a euphoric (U(4)) basis, in which θa˙ is written in terms
of θα (α = 1, . . . , 4) and its complex conjugate θ¯α, so that the kinetic term
1
2 iθ
a˙θ˙a˙
becomes iθ¯αθ˙
α and the anti-commutation relations become
{θ¯α, θ
β} = δα
β. (5.6)
The wave-function is a function of a maximal commuting subset of the phase
space variables, and these can be taken to be (pi, p+, θα).
†
It is then an uncon-
strained function Ψ(pµ, θα) satisfying p2Ψ = 0. Expanding Ψ in θα gives the eight
bosonic and eight fermionic component fields of super Yang–Mills. Since this the-
ory cannot be covariantly quantized we now turn to consider other superparticle
actions which lead to the covariant constraints described in the last section.
⋆ A ‘trivial’ symmetry is one under which all fields transform into equations of motion, so that
the symmetry does not eliminate on-shell degrees of freedom Any action S(φi) dependent
on fields φi will automatically be invariant under local transformations of the form δφi =
λJ ij(φ)δS/δφj (with local parameter λ) provided J ij is (graded) anti-symmetric. The
corresponding Noether current vanishes on-shell [49,50].
† Recall that in the light-cone gauge, p− = pipi/p+.
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5.2. Twisted superparticles
In [1,2], Siegel proposed the following modified superparticle action:
St =
∫
dτ
[
pµ(x˙
µ − iθ¯Γµθ˙) + idθ˙ − 12ep
2 + iψ/pd
]
, (5.7)
where d is introduced so that θ has a conjugate momentum θˆA = dA − /pABθB ,
while ψ is a gauge field for the kappa symmetry (which we shall sometimes refer
to as the B symmetry)
δψ = κ˙, δθ = /pκ, δd = 2p2κ,
δxµ = −iκ/pΓµθ, δe = 4iθ˙κ.
(5.8)
The action is also invariant under world-line reparameterisations (theA symmetry)
and the E and F symmetries given by
δψ = p/η, δe = −2id¯η. (5.9)
and
δψA = ωdA (5.10)
The action (5.7) was shown in [13] to be invariant under an N = 2 twisted
space-time super-Poincare´ symmetry, which includes two supercharges Q1, Q2
which are both Majorana-Weyl spinors in D = 10 satisfying
{Q1, Q1} = /p, {Q2, Q2} = −/p, {Q1, Q2} = 0. (5.11)
As one might suspect from the opposite signs of the anticommutators {Q1, Q1}
and {Q2, Q2} the spectrum of the theory has negative norm states. The physical
states of the theory were shown in [13] to be represented by a scalar superfield
wave-function Φ(xµ, θA) satisfying the constraints
p2Φ = 0, /pdΦ = 0 (5.12)
where θˆ is represented by θˆA = ih¯∂/∂θA so that d
A = ih¯∂/∂θA − /p
ABθB .
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The light-cone gauge action is [13]
Slc =
∫
dτ
(
pix˙
i −
1
2
pipi + iθˆaθ˙a
)
, (5.13)
where factors of p+ have been absorbed into field redefinitions and
πa = da − p+θa. (5.14)
The corresponding spectrum contains 28 states and is not equivalent to the N = 1
superparticle with action (5.1), which has a spectrum of 24 states [51]. Defining
the SO(8) spinors θ1 = 12(θ + θˆ), θ
2 = 12(θ − θˆ), the light-cone action becomes
Slc =
∫
dτ
(
pix˙
i −
1
2
pipi + iθ1aθ˙
1
a − iθ
2
aθ˙
2
a
)
. (5.15)
and the relative minus sign between the two fermion kinetic terms implies that half
of the physical states must have negative norm.
A further modification of this theory, proposed in [18,17], is to add the term
S′ =
1
2
∫
dτχABd
AdB (5.16)
involving a Lagrange multiplier χAB to St to give S
′
t = St + S
′. This leads to a
scalar wave-function satisfying (5.12) together with
dAdBΦ = 0 (5.17)
This constraint implies that either the wave-function vanishes, or that the momen-
tum p is zero [13], so that the only physical states are zero-momentum ground
states.
⋆
⋆ Note that although these constraints would be expected to emerge from the BRST con-
straints for the ghost-number zero physical states in any covariant BRST analysis, there
has not yet been a complete covariant BRST analysis of this model and it was argued in [21]
that such an analysis may not be possible, in the sense that there may not be any solution
of the Batalin-Vilkovisky master equation for this system.
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5.3. Spinning twisted superparticles
In section 2 it was seen that the usual bosonic particle had a scalar wave-
function, but by adding appropriate world-line degrees of freedom it became pos-
sible to obtain theories with wave-functions describing spin. We now wish to gen-
eralise this by adding extra degrees of freedom to the twisted superparticle action
(5.7) so as to obtain wave-functions which are superfields with spin. As in section
2 there will be two ways of doing this, one of which leads to an extra world-line
supersymmetry and one of which leads to an extra kappa-type symmetry.
We first generalise the world-line supersymmetric action (2.15) and consider
the action
S
(1)
st = St − i
∫
dτ
(
1
2
λµλ˙µ + χpµλ
µ
)
(5.18)
with an extra anticommuting vector coordinate λµ(τ), where St is given by (5.7).
The action (5.18) is invariant under the local kappa symmetry
δθ = /pκ, δψ = κ˙, δe = 4iθ˙κ
δxµ = iθγµδθ + idγµκ, δd = 2p2κ,
(5.19)
with spinor parameter κA(τ) and the local world-line supersymmetry
δxµ = iǫλµ, δχ = ǫ˙, δλµ = ǫpµ (5.20)
with parameter ǫ(τ).
On quantization, λµ satisfies the Clifford algebra (2.11) and the wave-function
can be taken to be a scalar function Φ(xµ, θA, λ
α) depending on [D/2] of the λ’s,
λα, α = 1, . . . , [D/2]. The wave-function has the expansion
Φ(xµ, θA, λ
α) = ψ0 + ψ
α
1 λα + ψ
αβ
2 λαλβ + ψ
αβγ
3 λαλβλγ + ... (5.21)
giving a set of 2[D/2] component fields ψ0(x, θ), ψ
α
1 (x, θ), ..., ψ
α1...α[D/2]
[D/2]
(x, θ) which
can be combined into an object ψA(x, θ), (A = 1, ..., 2
[D/2]) with 2[D/2] components.
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Then pµ, θˆ, d and the remaining D− [D/2] components of λµ can be represented as
differential operators acting on the space with coordinates (xµ, λα). In particular,
λµ becomes a linear operator acting on ψA which can be represented as a matrix
Γˆ BµA . Equation (2.11) implies that these matrices can be normalised so as to
satisfy the Clifford algebra (2.13) and the Γˆ BµA are related to the usual SO(D−
1, 1) gamma matrices, Γ BµA , by a similarity transformation. A basis can then be
chosen in which they are identified so that Γˆ = Γ in which case ψA(x, θ) transforms
as a spinor under the action of the modified Lorentz generators L′µν = Lµν +
1
4 [λµ, λν ], where Lµν are the standard Lorentz generators. The wave-function ψ
satisfies the constraints
/pψ = 0, p2ψ = 0, (/pd)ψ = 0 (5.22)
The spectrum is then represented by a constrained spinor superfield; however, this
corresponds to a reducible representation of supersymmetry. Multi-spinor wave-
functions ψA1A2...AN can be obtained by adding N variables λ
µ
i , i = 1, . . . N , so as
to obtain N extended local world-line supersymmetry.
Next we consider the generalisation of the particle action with local kappa
symmetry defined by (2.23),(2.24) and (2.25) to the superparticle action
S
(2)
st = St + S1 + S2 (5.23)
where
S1 =
∫
dτ
(
i
2
φˆAφ˙
A − iχpµΓ
µφˆ
)
, (5.24)
S2 =
∫
dτλ(N − 1), (5.25)
with extra spinor cordinates φA, φˆA. The action is invariant under the usual kappa
symmetry given by (5.8) with all other fields invariant, and a new kappa-type
symmetry given by (2.26) with all other fields invariant. Instead of (5.25) we could
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have equally well used (2.27) which would impose the constraint φˆAφˆB = 0, as this
gives rise to the same spectrum.
The analysis of the physical states is similar to that of section 2. The wave-
function can be taken to be a function Ψ(xµ, θA, φ
A) and the constraint (N−1)Ψ =
0 implies that Ψ = ψAφ
A for some spinor superfield ψA(x, θ). The remaining
constraints are
p2ψ = 0, (/pd)ψ = 0, /pψ = 0. (5.26)
Again this gives a reducible representation of supersymmetry.
Also as before, this can be generalised to obtain a wave-function in any rep-
resentation R of the Lorentz group by adding a momentum φˆ that transforms
according to the R representation, together with a conjugate coordinate φ. In
particular, for the vector representation, we consider the action (5.23) with
S1 =
∫
dτ
(
φˆµφ˙
µ − χpµφˆ
µ
)
, (5.27)
and S2 is given by (5.25) with N = φ
µφˆµ. The extra vector coordinates φ
µ, φˆµ
are taken to be commuting. The action is invariant under the standard kappa
symmetry (5.8) together with the ‘kappa/diffeomorphism’ symmetry (2.32). This
leads to physical states described by a vector superfield ψµ(x, θ) satisfying the
constraints
p2ψµ = 0, pµψ
µ = 0, /pdψµ = 0 (5.28)
and identified modulo the gauge transformations
ψµ ∼ ψµ + pµλ (5.29)
for arbitrary superfields λ(x, θ). This corresponds to a super-gauge connection in
Lorentz gauge and corresponds to a reducible multiplet in general.
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To summarise, there are a number of ways of constructing superparticle actions
that give rise to wave-functions that are spinor or vector superfields satisfying kine-
matic constraints, and corresponding to reducible multiplets. It was seen in section
4 that super Yang–Mills theory in 10 dimensions is described by precisely such
wave-functions subject to certain extra super-covariant constraints. Superparticle
theories with spectra coinciding with that of super Yang–Mills can therefore be
constructed by adding Lagrange multiplier terms to these superparticle actions,
leading to these extra constraints. The remainder of this paper is devoted to a
detailed analysis of such models.
6. Covariant superparticles with spinor super wave-functions.
In this section we shall obtain actions that describe a superparticle with a
spinor super wave-function satisfying either the quadratic constraint (3.7) or the
linear one (3.6). We shall start with models with extra spinor variables which
have kappa symmetries (models of the first and second type) and then consider
models with extra vector coordinates (models of the first ilk) which have world-line
supersymmetry. The models with the quadratic constraint of the first type and
the first ilk were originally presented in [22] and [24], respectively.
6.1. First type (quadratic constraint).
It was shown in the last section that the model (5.23)-(5.25) in which an
extra spinor coordinate φA was introduced, together with its conjugate momentum
φˆA and a momentum θˆ
A conjugate to θA, gives a spinor wave-function superfield
subject to the constraints (5.26) (recall that θˆA = dA−/pABθB). To describe super
Yang–Mills we wish to impose the extra constraint (3.7) which can be done by
adding to the action (5.23)-(5.25) the term
S3 =
∫
dτ
[
1
2dχd+ 2φˆΓ
µχΓµ/pφ
]
(6.1)
involving a Lagrange multiplier χAB = −χBA. The alternative action in which
the constraint N = 1 imposed by (2.25) is replaced by the constraint φˆφˆ = 0 that
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comes from the term (2.27) (as in [22]) gives a very similar model so here we shall
simply review the model of [22]. The total action is the sum of a free action
⋆
S0 =
∫
dτ
[
pµx˙
µ + iθˆθ˙ + iφˆφ˙
]
, (6.2)
plus the term
S′ =
∫
dτ
[
−12ep
2 + iψ/pd+ iΛ/pφˆ+ 12 φˆΥφˆ+
1
2dχd+ 2φˆΓ
µχΓµ/pφ
]
, (6.3)
where e, ψA, χAB = −χBA, ΛA and Υ
AB = −ΥBA are Lagrange multipliers
imposing the first class constraints
p2 = 0 , /pd = 0 , /pφˆ = 0 ,
φˆAφˆB = 0 , d
AdB − 8(φˆΓµ)[A(Γµ/pφ)
B] = 0,
(6.4)
and are also gauge fields for corresponding local symmetries.
The action is invariant under the global space-time supersymmetry transfor-
mations,
δθ = ǫ, δxµ = iǫΓµθ, (6.5)
(where ǫA is a constant Grassmann parameter) and a number of local symmetries,
which generalize ones found for the earlier superparticle actions. The symmetries
divide into two kinds [20]. Symmetries of the ‘first kind’ are those under which
a gauge field transforms into the derivative of a gauge parameter. These include
world-line reparameterizations which, when combined with a trivial symmetry,
gives the A transformations
δxµ = ξpµ, δe = ξ˙, (6.6)
the other fields being inert. There are also two fermionic symmetries of the first
⋆ Spinor indices are supressed and we use a matrix notation, so that dθ˙ = dAθ˙A , θΓ
µθ˙ =
θA(Γ
µ)
AB
θ˙B, dχd = d
AχABd
B, φˆΓµχΓµ/pφ = φˆA(Γ
µ)
AB
χBC(Γµ)
CD
/pDEφ
E , etc.
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kind, B and B′, with fermionic spinor parameters κA(τ) and ζA(τ),
δθ = /pκ, δψ = κ˙, δxµ = iθΓµ/pκ+ idΓµκ, δe = 4iθ˙κ, (6.7)
δφ = ζ, δΛ = ζ˙ , δxµ = iφˆΓµζ, δe = 4φˆΓµχΓµζ. (6.8)
Finally, there are further bosonic symmetries of the first kind associated with the
gauge fields χ,Υ (the C and C′ symmetries) defined by
δθ = −iρd, δd = −2iρd, δχ = ρ˙+ 2i(χ/pρ− ρ/pχ),
δxµ = iθΓµδθ − 2iφˆΓνρΓνΓ
µφ, δe = 4ψρd+ 4ΛΓµρΓµφˆ,
δφ = 2iΓµρΓ
µ/pφ, δφˆ = −2i/pΓµρΓµφˆ,
δΥ = 2i(Υ/pΓµρΓ
µ + ΓµρΓ
µ/pΥ),
(6.9)
δΥ = v˙ − 2iΓµχΓµ/pv + 2iv/pΓµχΓ
µ, δφ = ivφˆ, (6.10)
where ρAB = −ρBA and v
AB = −vBA are bosonic bispinor parameters.
There are also local symmetries of the ‘second kind’ that act only on the gauge
fields. These are the E and E ′ symmetries with fermionic parameters ηA and ω
A
δψ = /pη, δΛ = /pω, δe = −2idη − 2iφˆω, (6.11)
and the F , F ′ and G′ symmetries with parameters σAB, u
B
A and Σ
ABC , respectively,
which are given by
δψ = σd, δχ = i(/pσ − σt/p), δΛ = uφˆ− 2(ΓµσΓ
µ + 2σt)/pφ,
δΥAB = 2i/pC[AuC
B] + ΣABC φˆC , δe = 4iφˆ(2σ + Γµσ
tΓµ)φ,
(6.12)
where ΣABC = −ΣBAC , Σ[ABC] = 0 and the transpose of σAB is (σ
t) AB . The
presence of the symmetries of the second kind reflects ambiguities in the definition
of the A, B, B′, C and C′ symmetries and relations between the corresponding
constraints.
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The covariant quantization of this superparticle was discussed in [22] in the
gauge e = 1 with the other gauge fields set to zero. Covariant quantization requires
the methods of Batalin and Vilkovisky [16] since the gauge algebra only closes on
shell, and requires an infinite number of ghost fields since the symmetries are
infinitely reducible. The classical gauge-fixed action takes the form
Sfixed =
∫
dτ
[
pµx˙
µ − 12p
2 + iθˆθ˙ + iφˆφ˙
]
(6.13)
leading to the commutation relations
[xµ, pν ] = −iδ
µ
ν , {d
A, θB} = δ
A
B , {φˆA, φ
B} = δA
B . (6.14)
The wave-function is taken to be a function of pµ, θA, φ
A together with an
infinite set of ghost coordinates. The spectrum is then found by seeking the BRST
cohomology classes, using the BRST operator that follows from the Batalin and
Vilkovisky procedure.
We now turn to the BRST cohomology of the model. The full analysis requires
the complete solution of the BV master equation with an infinite number of ghost
fields. However, as explained in [13,22], there is also a ‘small formalism’ which
only involves the finite number of ghosts that are required for the symmetries of
the first kind (i.e. those that act on the coordinates as well as the gauge fields). It
was shown in [22] that the BRST cohomology of the full formalism at zero ghost
number is the same as that for the BRST cohomology calculated with the small
formalism, and for this reason we shall restrict ourselves to physical states of zero
ghost number in this paper. A state of zero ghost number corresponds to a ghost
independent wave-function Φ = Φ(p, θ, φ). It was shown in [22] that in this case
QΦ = 0 implies the constraints
p2Φ = 0 , /pdΦ = 0 , /pφˆΦ = 0 ,
φˆAφˆBΦ = 0 , [d
AdB − 8(φˆΓµ)[A(Γµ/pφ)
B]]Φ = 0.
(6.15)
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Expanding the wave-function in powers of φ,
Φ(p, θ, φ) = Ψ0(p, θ) + φ
AΨA(p, θ) +
1
2φ
AφBΨAB(p, θ) + . . . , (6.16)
the constraint φˆAφˆBΦ = 0 implies that only Ψ0 and ΨA are non vanishing. The
constraint
[
dAdB−8(φˆΓµ)[A(Γµ/pφ)
B]
]
Φ = 0 implies that Ψ0 satisfies d
AdBΨ0 = 0
and this implies that Ψ0 is trivial (unless p
µ = 0). Thus the only non-trivial
part of the wave-function is ΨA, and (6.15) implies that it satisfies precisely the
covariant constraints (4.16),(4.17), which lead to the Yang–Mills spectrum. Note
that the constraints (6.15) are precisely what one expects from taking the classical
constraints (6.4), and requiring that the corresponding operators annihilate the
wave-function.
The SO(8) light-cone gauge formalism of section 3 may be recovered directly
by fixing the gauge in the covariant action by setting e = 1 and the other gauge
fields to zero and imposing x+ = p+τ + x+0 , γ
+θ = 0 and γ+φ = 0. The light-cone
action is given by Slc = S0lc + S
′
lc, where
S0lc =
∫
dτ
[
pix˙i − 12p
ipi + iθˆa˙θ˙a˙ + iφˆaφ˙a
]
, (6.17)
and
S′lc =
1
2
∫
dτ
[
χa˙b˙(d
a˙db˙ + 2p+γa˙b˙cdφ
cφˆd) + Υ
abφˆaφˆb
]
, (6.18)
where χa˙b˙, Υ
ab are Lagrange multipliers imposing the remaining constraints
da˙db˙ + 2p+γa˙b˙cdφ
cφˆd = 0 , φˆaφˆb = 0, (6.19)
and are gauge fields for a local SO(8)× SO(8) symmetry.
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6.2. Second type (linear constraint).
In this section, a superparticle theory with a spinor wave-function satisfying the
linear constraint (3.6) will be considered. We start with the superparticle action
(5.23)-(5.25) formulated in an extended superspace with coordinates (xµ, θA, φ
A)
where θA and φ
A are anticommuting Majorana-Weyl spinors and add a lagrange
multiplier term imposing the constraint dA(Γµνρσ)BAφˆB = 0, which then leads to
the condition (3.6) on the wave-function. In fact, to close the constraint algebra and
obtain a gauge invariant superparticle action, it is necessary to include a lagrange
multiplier term imposing the extra constraint φˆφˆ = 0.
The new superparticle action is then given by the sum of
S0 =
∫
dτ
[
pµx˙
µ + iθˆθ˙ + iφˆφ˙
]
, (6.20)
and
S′′ =
∫
dτ
[
−12ep
2 + iψ/pd+ iϕ/pφˆ+ iΛµνρσ d Γ
µνρσφˆ
− iβ(φφˆ− 1) + 12 φˆωφˆ
]
,
(6.21)
where, as usual, pµ is the momentum conjugate to the space-time coordinate x
µ,
dA is a spinor introduced so that the Grassmann coordinate θ has a conjugate
momentum θˆA = dA−/pABθB , φ
A is a new spinor coordinate and φˆA is its conjugate
momentum. The fields e, ψA, ϕA, Λµνρσ, β and ω
AB are all Lagrange multipliers
(which are gauge fields for corresponding local symmetries) imposing the following
constraints
p2 = 0, /pd = 0, /pφˆ = 0
φˆAφˆB = 0, φ
AφˆA − 1 = 0, d
A(Γµνρσ)BAφˆB = 0
(6.22)
World-line reparameterization, when combined with a trivial symmetry, gives
the A symmetry of (6.6). There are two fermionic symmetries of the first kind, B
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and B′ with fermionic spinor parameters κA(τ) and ζA(τ) given by
δψA = κ˙A, δθ = /pABκ
B , δe = 4iθ˙Aκ
A,
δxµ = idA(Γµ)ABκ
B + iθA(Γ
µ)AC/pCBκ
B,
(6.23)
and
δϕA = ζ˙A + βζA, δφ
A = ζB/p
BA, δxµ = iφˆA(Γ
µ)ABζB (6.24)
where ζA is a spinor parameter. The bosonic symmetries associated with the gauge
fields β and ωAB (the C and C’ symmetries) are defined by
δβ = η˙, δφˆA = ηφˆA , δφ
A = −ηφA,
δωAB = −2ηωAB, δΛµνρσ = ηΛµνρσ , δϕA = −ηϕA ,
(6.25)
and
δωAB = Υ˙AB + 2βΥAB, δφA = iΥABφˆB, (6.26)
where η is a bosonic parameter and ΥAB = −ΥBA is a bosonic bispinor param-
eter. There is also a tensor symmetry associated with the gauge field Λµνρσ (F
symmetry) with bosonic parameter Σµνρσ and given by
δΛµνρσ = Σ˙µνρσ + βΣµνρσ, δd
A = −2φˆBΣ/
B
C/p
CA,
δθA = −φˆBΣ/
B
A , δφ
A = dBΣ/B
A, δe = 4iφˆBΣ/
B
Aψ
A,
δxµ = iφˆBΣ/
B
A(Γ
µ)ACθC , δω
AB = 4iΣ/AC/p
CDΛ/D
B.
(6.27)
The covariant quantization of this model (in the gauge e = 1 with other gauge
fields vanishing) gives the classical gauge-fixed action
Sfixed =
∫
dτ
[
pµx˙
µ − 12p
2 + iθˆθ˙ + iφˆφ˙
]
. (6.28)
Once again, a complete treatment of the infinite number of ghosts requires the
solution of the BV master equation, which is not undertaken here and we shall only
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consider the ghost number zero cohomology class. This is given by the wavefunction
Φ = Φ(x, θ, φ), and QΦ = 0 implies that
p2Φ = 0, /pdΦ = 0, /pφΦ = 0,
φˆAφˆBΦ =0, (φ
AφˆA − 1)Φ = 0, d
A(Γµνρσ)BAφˆBΦ = 0.
(6.29)
Expanding the wavefunction in powers of φ
Φ(x, θ, φ) = Ψ0(x, θ) + φ
AΨA(x, θ) +
1
2φ
AφBΨAB(x, θ) + . . . , (6.30)
the constraint φˆφˆΦ = 0 implies that only Ψ0 and ΨA are non vanishing, while
(φφˆ − 1)Φ = 0 implies that Ψ0 is trivial. Hence, the only non-trivial part of
the wavefunction is ΨA, and (6.29) implies that it satisfies precisely the covariant
constraints (4.13) and (4.14), which lead to the super Yang–Mills spectrum.
Again the light-cone gauge equations of section 3 can be obtained directly from
the light-cone gauge action Slc = S0lc + S
′
lc, where
S0lc =
∫
dτ
[
pix˙i − 12p
ipi + iθˆa˙θ˙a˙ + iφˆaφ˙a
]
, (6.31)
and
S′lc =
∫
dτ
[
Υabφˆaφˆb + β(φ
aφˆa − 1) + Λijkd
a˙(γijk)ba˙φˆb ,
]
. (6.32)
The Lagrange multipliers Υab, β and Λijk impose the required constraints.
6.3. First ilk (extra vector coordinates).
The action (5.18) with world-line supersymmetry leads to a wave-function
Φ(x, θ, λα) and expanding this in λα gives 2
[D/2] superfields which can be assembled
into a spinor wave-function Ψ(x, θ)A (A = 1, . . . , 2
[D/2]) satisfying the constraints
(5.22). The addition of the Lagrange multiplier term,
S =
1
720
∫
dτΥµνρ
(
dΓµνρd+ 4p[µλνλρ]
)
, (6.33)
leads to the constraint dΓµνρd+4p[µλνλρ] = 0. Imposing this on the wave function
gives (3.7) when rewritten in terms of ΨA so that the spectrum of Yang–Mills is
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again obtained. This is the Lagrangian formulation of the first ilk superparticle of
[24]. The full Batalin-Vilkovisky quantization of this model was given in [25,26],
confirming that its spectrum is indeed that of the Yang–Mills supermultiplet.
7. Superparticles with vector super wave-functions.
In this section, we shall consider superparticle theories which are formulated in
an extended superspace with coordinates (xµ, θA, φ
µ) where θA is an anticommuting
Majorana-Weyl spinor, and φµ is a new commuting vector coordinate. The model
defined by (5.23), (5.27) was shown to lead to a vector wave-function satisfying the
constraints (5.28) and identified modulo (5.29). We now wish to modify this to
obtain models with wave-functions satisfying the extra constraints (3.5) or (3.3).
These will be referred to as models of the third and fourth type, respectively.
7.1. Third type (quadratic constraint)
As in the first type of model discussed in the last section, there are two versions
of this model, one with the constraint N = 1 and one with the constraint φˆφˆ = 0.
Here we shall just consider the latter version, which leads to a vector wavefunction
satisfying the quadratic constraint (3.5). The new superparticle action is given by
S0 =
∫
dτ
[
pµx˙
µ + iθˆθ˙ + φˆµφ˙
µ
]
, (7.1)
plus the term
S1 =
∫
dτ
[
−12ep
2 + iψ/pd+ 12dχd+ 2iφˆµχ/p
µ
νφ
ν
− ωpµφˆµ +
1
2 φˆµ ρ
(µν)φˆν
]
,
(7.2)
where we use the convenient notation
/pABµν = p
ρΓABµρν . (7.3)
The fields e, ψA, χAB = −χBA , ρµν = ρνµ and ω are all Lagrange multipliers
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imposing the following contraints
p2 = 0, /pd = 0, pµφˆµ = 0,
φˆµφˆν = 0, d
AdB + 4φˆµ(/p
µ
ν)
ABφν = 0,
(7.4)
and are also gauge fields for their corresponding symmetries.
The action (7.1)-(7.2) is invariant under the global space-time supersymmetry
transformations
δθ = ǫ, δxµ = iǫΓµθ, (7.5)
where ǫ is a Grassmann parameter, together with a number of local symmetries
of the first-kind. World-line reparameterization, when combined with a trivial
symmetry gives the A transformations, (6.6). The fermionic symmetry, B, with
fermionic spinor parameter κA(τ), is given by
δψA = κ˙A, δθA = /pABκ
B, δe = 4iθ˙Aκ
A,
δxµ = idA(Γµ)ABκ
B + iθA(Γ
µ)AC/pCBκ
B.
(7.6)
and the bosonic symmetries associated with the gauge fields ω and χ (the C and
C’ symmetries, respectively) are defined by
δω = ζ˙ , δφµ = ζpµ, δxµ = ζφˆµ, δe = 4iζ(Γµ)ABχABφˆµ, (7.7)
and
δdA = 2i/pABλBC d
C , δρ(µν) = −4i(/p(µ
σ)ABλAB ρσν) ,
δφµ = −2iλAB(/p
µ
ν)
ABφν , δφˆµ = 2iφˆνλAB(/p
ν
µ)
AB ,
δθA = −id
BλBA , δχAB = λ˙AB + 4iλAC/p
CDχDB ,
δxµ = −dAλAB(Γ
µ)BCθC − 2iφˆσλAB(Γ
σµ
ν)
ABφν ,
δe = −4dAλABψ
B − 4iφˆµ(Γ
µ)ABλAB ω ,
(7.8)
where λAB = −λBA is a bosonic bispinor parameter. There is also a tensor sym-
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metry associated with the gauge field ρµν (the E symmetry) and given by
δρ(µν) = u˙(µν) + 4iu(µσχAB(/pσ
ν))AB , δφµ = −u(µν)φˆν , (7.9)
where uµν = uνµ is a tensor parameter.
The classical gauge-fixed action (in the gauge with e = 1 and other gauge fields
vanishing) here takes the form
S =
∫
dτ
[
pµx˙
µ − 12p
2 + iθˆθ˙ + φˆµφ˙
µ
]
. (7.10)
The wave-function Φ = Φ(x, θA, φ
µ) is a function of xµ, θA, and φ
µ (again we
are considering only the zero-ghost sector). The constraint QΦ = 0 implies
p2Φ = 0, /pdΦ = 0, pµφ
µΦ = 0,
φˆµφˆνΦ = 0, [d
AdB + 4φˆµ(/p
µ
ν)
ABφν ]Φ = 0.
(7.11)
Expanding the wavefunction in powers of φ
Φ(x, θA, φ
µ) = Ψ0(x, θA) + φ
µΨµ(x, θA) +
1
2φ
µφνΨµν(x, θA) + . . . , (7.12)
the constraint φˆµφˆνΦ = 0 implies that only Ψ0 and Ψµ are non vanishing. The
condition (dd+4φˆµ/p
µ
νφ
ν)Φ = 0 implies ddΨ0 = 0, and hence that Ψ0 is trivial (if
pµ 6=0). Thus, the only non-vanishing part of the wave-function is Ψµ, and (7.11)
implies that it satisfies precisely the covariant constraints (4.10) and (4.11) which
lead to the physical spectrum of the super Yang–Mills theory.
The light-cone action is S0lc + S
′
lc with
S0lc =
∫
dτ
[
pix˙i − 12p
ipi + iθˆa˙θ˙a˙ + φˆiφ˙i
]
, (7.13)
and
S′lc =
1
2
∫
dτ
[
ρ(ij)φˆiφˆj + χa˙b˙
(
da˙db˙ − 4p+φˆi(γ
i
j)
a˙b˙φj
)]
, (7.14)
where ρij and χa˙b˙ are Lagrange multipliers that impose the quadratic constraints.
Applying these constraints to the light-cone wave function leads directly to the
conditions (3.5).
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7.2. Fourth type (linear constraint)
A superparticle theory with a vector wave-function satisfying the linear con-
straint (3.3) is obtained from the action (5.23), (5.27) formulated in the super-
space with coordinates (xµ, θA, φ
µ) together with a Lagrange multiplier term that
imposes the constraint Cµ
A = 0, where
Cµ
A = φˆµd
A − 17 φˆν(Γµ
ν)ABd
B. (7.15)
The complete superparticle action is then given by S0 + S
′ where,
S0 =
∫
dτ
[
pµx˙
µ + iθˆθ˙ + φˆµφ˙
µ
]
, (7.16)
and
S′ =
∫
dτ
[
−12ep
2+iφ/pd+ λpµφˆµ +
1
2 φˆωφˆ
+ β(φµφˆµ − 1) + Υ
µ
ACµ
A
]
.
(7.17)
The action is again invariant under A transformations as well as fermionic
symmetries associated with the gauge fields ψA, ΥµA (the B and B’ symmetries
respectively ) which are defined by
δψA = κ˙A , δθA = /pABκ
B , δe = 4iθ˙Aκ
A
δxµ = idA(Γµ)ABκ
B + iθA(Γ
µ)AC/pCBκ
B .
(7.18)
and
δΥµA = χ˙
µ
A + βχ
µ
A ,
δφµ = −χµAd
A + 17χ
ν
AΓν
µdA
δθA = −iχ
µ
Aφˆµ +
1
7iχ
µ
AφˆνΓµ
ν ,
δxµ = −[χνAφˆν −
1
7χ
σ
AφˆνΓσ
ν ](Γµθ)A ,
δdA = −2i[χµBφˆµ −
1
7χ
µ
BφˆνΓµ
ν ]/pBA ,
δe = −4[χµAφˆµ −
1
7χ
µ
AφˆνΓµ
ν ]ψA .
(7.19)
The bosonic symmetries associated with the gauge fields λ and β (C and C’ sym-
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metries, respectively ) are defined by
δλ = ζ˙ + βζ , δxµ = −ζφˆµ , δφµ = −ζpµ , (7.20)
and
δβ =η˙ , δφˆµ = ηφˆ , δφ
µ = −ηφµ ,
δλ = −ηλ , δωµν = −2ηωµν ,
(7.21)
There is also a tensor symmetry associated with the gauge field ωµν (the F sym-
metry) with bosonic parameter Σµν and defined by
δωµν = Σ˙µν + 2βΣµν , δφµ = −Σµν φˆν . (7.22)
The classical auge-fixed action (in the e = 1 gauge with the other gauge fields
set to zero) takes the form
Sfixed =
∫
dτ
[
pµx˙
µ − 12p
2 + iθˆθ˙ + φˆµφ˙
µ
]
. (7.23)
The wave-function is a function of pµ, θA and φ
µ together with the infinite set of
ghost coordinates. Once again the zero ghost-number wavefunction Φ = Φ(p, θ, φ)
satisfying QΦ = 0 satisfies constraints that arise from the variation of the Lagrange
multipliers in the action.
p2Φ = 0, /pd Φ = 0, pµφˆµ Φ = 0,
φˆµφˆν Φ = 0, Cµ
A Φ = 0, (φµφˆµ − 1)Φ = 0
. (7.24)
Expanding the wavefunction in powers of φ
Φ(p, θ, φ) = Ψ0(p, θ) + φ
µΨµ(p, θ) +
1
2φ
µφνΨµν(p, θ) + . . . , (7.25)
the constraint φˆµφˆνΦ = 0 implies that only Ψ0 and Ψµ are non-vanishing. The
constraint (φφˆ − 1)Φ = 0 makes Ψ0 trivial. Hence, the only non-trivial part of
the wavefunction is Φµ, and (7.24) implies that it satisfies precisely the covariant
constraints (4.2)-(4.3). We have thus shown that the BRST cohomology class with
no ghost dependence gives the physical spectrum of the super Yang–Mills theory.
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The light-cone action (in which x+ = p+τ+x0
+, γ+θ = 0 and φ+ = 0) is given
by S0lc + S
′
lc with
Slc =
∫
dτ
[
pix˙i − 12p
ipi + iθˆa˙θ˙a˙ + φˆiφ˙i
]
, (7.26)
and
S′lc =
1
2
∫
dτ
[
ωijφˆiφˆj + β(φ
iφˆi − 1) + Υia˙Cia˙
]
, (7.27)
where ωij, β and Υia˙ are Lagrange multipliers imposing constraints that lead to
the linear condition (3.3) on the light-cone gauge vector wave function.
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